Abstract. A stable smooth map f : N → M is called k-realizable if its composition with the inclusion M ⊂ M × R k is C 0 -approximable by (smooth) embeddings; and a k-prem if the same composition is C ∞ -approximable by embeddings, or equivalently if f lifts vertically to an embedding N֒→M × R k .
Introduction
We call a map f : N → M a (PL/smooth) k-prem (k-codimensionally projected embedding) if it factors into the composition of some (PL/smooth) embedding N ֒→M × R k and the projection M × R k → M . The question whether a given map is a k-prem has been widely studied in the literature (not only in the case M = pt, which amounts to the question of embeddability of N in R k ). To give some flavor of this subject, we note a few results.
(1) Generic smooth maps S 1 → R 1 are smooth 1-prems (folklore; see below). (2) There exist generic PL maps "letter H"→ R 1 and "letter X"→ R 1 that are not PL 1-prems (Siek lucki, 1969 ; see [ARS; §3] ). (3) Generic smooth maps of a closed 2-manifold to R 2 are smooth 2-prems [Ya] . (4) Every generic smooth map of a closed orientable 2-manifold into S 2 is a smooth 2-prem ) (5) Every generic PL map S 3 → S 3 is a PL 3-prem [M5]. (6) Every generic smooth function N 2 → R on a orientable surface is a smooth 2-prem ( [Kul] ; see e.g. the proof of (4) in [M2] ). (7) Every generic approximation of the composition S 2 → RP 2 R 3 of the 2-covering and the Boy immersion is not a smooth 1-prem. This follows from the results of [A1] for C ∞ -approximations, but the proof there works for C 0 -approximations as well. See also [Gi] , [CS] , [S] . (8) Every covering between n-manifolds is an (n + 1)-prem [Han] . (9) A non-degenerate PL map is a k-prem if and only if it is a PL k-prem [M5] .
For a C ∞ -stable smooth map f : N n → M m , where N is compact and m ≥ n, it is not hard to see that f is a smooth k-prem if and only if the composition N f − → M ⊂ M × R k is C ∞ -approximable by embeddings (see Proposition 1.2 below for the details).
We say that a map f : N n → M m is (PL/smoothly) k-realizable (realization by embeddings) if the composition N f − → M ⊂ M × R k is C 0 -approximable by (PL/smooth) embeddings. Topological, PL and smooth realizability are equivalent in the metastable range 2(m + k) ≥ 3(n + 1) [Hae] .
Since every compact subset of R k can be brought into an arbitrarily small neighborhood of the origin by a diffeomorphism of R k , every k-prem is k-realizable. It quite easy to construct non-generic maps that are k-realizable but not k-prems (see the examples in the end of the introduction).
The following conjecture appeared in the first page of [ARS] 
(2002):
The Prem Conjecture. A smoothly k-realizable generic smooth map N n → R m is a smooth k-prem, "at least for" the metastable dimensions 2(m + k) ≥ 3(n + 1).
It was proved in [ARS] that a 1-realizable generic smooth map N n → R 2n−1 , n ≥ 3, is a smooth 1-prem. It was also proved in [ARS] that a smoothly 1-realizable generic smooth map of an orientable surface M 2 → R 3 is a smooth 1-prem (the idea of proof for M 2 = S 2 appears alrady in [A1] ). As a consequence of a difficult result of Tarasov and Vyalyi with a computeraided proof [TV] , we have Proposition 1.1. There exist a number g and a generic PL function f : M g → R 1 , where M g is the closed orientable 2-manifold of genus g, such that f is PL 2-realizable but not a PL 2-prem.
Proof. A generic PL function f : M 2 → R 1 on an orientable surface that is not a PL 2-prem was constructed in [TV] . By assertion (6) above, it is PL 2-realizable.
1.A. Main Results.
We construct a counterexample to the Prem Conjecture:
Theorem 2.8. For each n = 4k + 3 ≥ 15 there exists a generic smooth immersion S n R 2n−7 that is 3-realizable, but is not a 3-prem.
We also show that the Prem Conjecture holds in a wide range of dimensions:
Theorem 2.5. Let N n be a compact smooth manifold (resp. a compact polyhedron) and f : N → R m a generic smooth fold map (resp. a generic PL map), where m ≥ n and 2n − m ≤ 2k − 3. Then f is k-realizable if and only if it is a smooth (PL) k-prem. The same holds for generic smooth maps f if additionally 3n − 2m ≤ k.
The basic idea behind these results, which rests on the work of A. Skopenkov [RS] and on previous work by the authors [A2] , [M5] , is to show that a generic smooth map f : N → R m satisfying the above restrictions is a k-prem if and only if ∆ f := {(x, y) ∈ N × N \ ∆ N | f (x) = f (y)} admits a Z/2-equivariant map to S k−1 ; and it is k-realizable if and only if ∆ f admits a stable Z/2-map to S k−1 , i.e. for some x there exists a Z/2-map
Then in the stable range we can prove the equivalence of the two notions, whereas in the unstable range we have a chance to realize the difference known from homotopy theory by a geometric example. The latter task is far from trivial, which is why there is the huge gap in dimensions between Theorems 2.5 and 2.8.
The remainder of the paper is largely devoted to the study of this gap. It turns out pretty fast that we could not really have had k = 1 in Theorem 2.8:
Theorem 2.9. Let N n be a compact smooth manifold (resp. a compact polyhedron) and suppose that 2m > 3n. A generic smooth (PL) map f : N → R m is 1-realizable if and only if it is a smooth (PL) 1-prem.
In fact, "stable equivariant maps" as defined above are not the same as "stable equivariant maps" in the usual sense of homotopy theory. For example, our actions of Z/2 do not have any fixed points, but they must always be present in the traditional setup of equivariant homotopy theory. In §3 we reformulate our problem in the traditional algebraic setup, which already brings some progress.
In a relative situation, we are able to produce a simpler example, with k = 2 instead of k = 3: Theorem 3.6. For n ≥ 7 there exists a generic smooth immersion f : S n R 2n−2 and its 2-realization g : S n ֒→R 2n , not isotopic through 2-realizations of f to any vertical lift of f .
Also, due to a little gap between the "stable range" in the traditional algebraic setup and the "stable range" in our initial approach above, with some numeric luck regarding the value of k we are able to go one dimension deeper:
Theorem 3.8. Let N n be a compact smooth manifold (resp. a compact polyhedron). Let f be a generic smooth fold map (resp. a generic PL map) and n ≥ 2k − 1 or let f be a generic smooth map and n ≥ 3k − 4. If f : N → R 2n−2k+2 is k-realizable and k ∈ {2, 4, 8}, then f is a smooth (PL) k-prem.
In §4 we further reformulate a part of the problem, which has by now became fully algebraic, in geometric terms (using the Pontryagin-Thom construction). This enables us to construct a secondary obstruction in stable cohomotopy and prove its vanishing (Theorem 4.7), which yields that the stable and the unstable cohomotopy Euler classes of the sum of k copies of a line bundle over an n-polyhedron X are equally strong in the first unstable dimension n = 2k − 1 when k is even.
As a consequence, we can sometimes go down by one more dimension:
Theorem 4.10. Let N n be a compact smooth manifold (resp. a compact polyhedron). Let f be a generic smooth fold map (resp. a generic PL map) and n ≥ 2k +1 or let f be a generic smooth map and n ≥ max(2k +1, 3k −2).
is k-realizable and k ∈ {2, 4, 8}, then f is a smooth (PL) k-prem.
This theorem disproves Conjecture 1.10 from [A2] : "There exists a generic immersion f : S 7 → R 11 such that the composition of f with the inclusion R 11 ⊂ R 13 is discretely realizable but not C 1 -approximable by embedding."
1.B. Examples and remarks. The following simple examples explain why one restricts attention to generic maps in the Prem Conjecture.
A 1-realizable Morse function on S 1 that is not a 1-prem. Let us consider the composition S 1 p − → S 1 ϕ − → R of the 2-covering p and the simplest Morse function ϕ with two critical points x, y. If q : S 1 → R is a map such that q × (ϕp) : S 1 → R × R is an embedding, then q| p −1 (x) : S 0 ֒→R is isotopic to q| p −1 (y) : S 0 ֒→R for each choice of the homeomorphism between p −1 (x) and p −1 (y). Hence S 0 can be everted by an isotopy within R 1 , which is absurd. On the other hand, ϕp is 1-realizable, since every generic function f : S 1 → R is a 1-prem. Indeed, let y ∈ R be the absolute maximum of f . If ε > 0 is sufficiently
A 2-realizable Morse function on S 2 that is not a 2-prem. The complete graph on 5 vertices K 5 contains a Hamiltonian (i.e. passing once through each vertex) cycle Z 1 of length 5, and the remaining 5 edges of K 5 form another Hamiltonian cycle Z 2 . By switching the thus obtained smoothing of each vertex to the opposite one (without changing the orientations of the edges), we get an Eulerian (i.e. passing once through each edge) cycle Z. Attaching three 2-disks to K 5 along Z 1 , Z 2 and Z, we obtain the genus two closed surface M and the non-generic Morse function f : M → R 2 whose only degenerate critical levels are: the two-point set; K 5 ; the singleton. Since every generic Morse function on an orientable surface is a 2-prem (see (6) above), f is 2-realizable. However f is not a 2-prem since K 5 does not embed in R 2 .
A 3-realizable branched covering S 3 → S 3 that is not a 3-prem. The join of two copies of the 2-covering S 1 → S 1 is a non-generic map S 3 → S 3 . It factors into the composition of the 2-covering p : S 3 → RP 3 and the 2-fold covering q :
branched along the Hopf link. Since p is not a 3-prem by the Borsuk-Ulam theorem (see [M2] ), nor is qp. However by [M2] , qp is 3-realizable.
where m ≥ n and N is compact. Then f is a smooth k-prem if and only if the composition of f with the inclusion j : M × {0}֒→M × R k is C ∞ -approximable by embeddings.
Proof. Given a smooth map g :
, which is therefore a smooth embedding. Hence f × (gh −1 ) is also a smooth embedding. So f is a k-prem.
Remark. By Mather's theorem [Ma] a generic smooth map f : N n → M m , where m ≥ n, is C ∞ -stable if either 6m ≥ 7n − 7, or 6m ≥ 7n − 8 and m ≤ n + 3. By multijet transversality, generic smooth immersions are C ∞ -stable [GG; III.3.3, III.3.11] . It is also well-known that generic fold maps (i.e. generic smooth maps with singularities only of the type Σ 1,0 ) and more generally generic Morin maps (i.e. generic smooth maps with singularities only of types Σ 1,...,1,0 ) N n → M m , where m ≥ n, are C ∞ -stable (see [GG; Theorem VII.6 .4] for a proof in the case m = n and [AVG; §2.5] for a statement in the general case).
Remark. Let f : N n → M m be a generic smooth map, where m ≥ n and N is compact. If f is a smooth k-prem, then jf is C ∞ -approximable by embeddings; and if jf is C ∞ -approximable by embeddings, then f is a topological k-prem. This is proved similarly to Proposition 1.2, using that f is C 0 -stable [GWPL] .
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The Prem Conjecture
Let S k
• denote the k-sphere endowed with the antipodal involution. LetX = X × X \ ∆ with the factor exchanging involution t. Given a map f :
n be a compact smooth manifold (resp. a compact polyhedron), M m a smooth (PL) manifold, and f : N → M a generic smooth fold map (resp. a generic PL map), where m ≥ n and 2(m + k) ≥ 3(n + 1). Then f is a smooth (PL) k-prem if and only if there exists an equivariant map
Moreover, for any such ϕ there exists a smooth (PL) embedding g : N ֒→M × R k projecting to f and such thatg| ∆ f is equivariantly homotopic to ϕ.
The same holds for generic smooth maps f if additionally 3n − 2m ≤ k.
Remark. In the case where f is a triple point free immersion, Lemma 2.1 is obvious. Indeed, in this case ∆ f ⊂ N × N projects homeomorphically onto S f ⊂ N , so any extension of the equivariant map
Lemma 2.2.
[RS] Let X n be a compact polyhedron and f : X → R m a PL map, where 2m ≥ 3(n + 1). Then f is C 0 -approximable by embeddings if and only if f :X \ ∆ f → S m−1 extends, after an equivariant homotopy, to an equivariant map
. Moreover, for any such ϕ there exists an embedding g, C 0 -close to f and such thatg and ϕ are equivariantly homotopic relX \ ∆ f . Theorem 2.3. Let X be a compact n-polyhedron and f : X → R m a generic PL map, where 2(m + k) ≥ 3(n + 1). Then f is k-realizable if and only if S m−1
If f is generic, f × f restricted toX may be assumed PL transverse to ∆ R m . Hence R is the total space of an equivariant PL disc bundle ξ over∆ f , obtained as the pullback of the normal bundle of ∆ R m [RS1] , [BRS; §II.4] . Since the latter is trivial, ξ is equivariantly isomorphic to∆ f × D Remark. Using instead of Lemma 2.2 its generalization concerning embeddings into an arbitrary manifold [M1] , one can prove similarly to the above argument the following generalization of Theorem 2.3:
Let X be a compact n-polyhedron, M a PL m-manifold, and f : X → M a generic PL map, where 2(m + k) ≥ 3(n + 1). Let ξ be the spherical tangent block bundle of M (i.e. the boundary of a Z/2-invariant regular neighborhood of ∆ M in M × M ), endowed with the action of Z/2, and let us consider ϕ : The following result is well-known. It follows by a general position argument when the groups in question are rewritten in their geometric form. Such a geometric description is given by the absolute case (L = ∅) of Lemma 3.2 below along with the Pontrjagin-Thom construction 4.0(a).
By combining Lemma 2.1, Theorem 2.3 and Lemma 2.4, we obtain the following result.
Theorem 2.5. Let N n be a compact smooth manifold (resp. a compact polyhedron) and f : N → R m a generic smooth fold map (resp. a generic PL map), where m ≥ n and 2n − m ≤ 2k − 3. Then f is k-realizable if and only if it is a smooth (PL) k-prem.
Remark. The proof of Theorem 2.5 works for maps into any stably parallelizable m-manifold M in place of R m , or more generally any PL manifold M whose stable tangent bundle is trivial. Appropriate versions of Theorems 2.1 and 2.2 for maps into any manifold are proved in [M5] and [M1; Criterion 1.7] respectively, and the only place where the condition of stable parallelizability comes in is the proof of Theorem 2.3, where we need the normal bundle of ∆ M in M × M to be stably trivial.
Remark. Theorem 2.5 along with the preceding remark imply Conjecture 1.9 from [A2] : a generic smooth map S n → S n is k-realizable if and only if it is an k-prem, as long as n ≤ 2k − 3.
Remark. Theorem 2.5 for generic smooth maps falls short of the announcement in [M2] , where it was conjectured to hold under the weaker restriction 4n − 3m ≤ k.
Example 2.6. Let f : S 3 → S 2 be a PL map with Hopf invariant H(f ) even but nonzero. Consider K := Cone(f ) ∪ S 2 Cone(−f ), where − denotes the antipodal involution on S 2 . This K is endowed with the involution interchanging the two copies of the mapping cone of f . Then S 0 • * K is Z/2-homotopy equivalent to Cone(Σf ) ∪ S 3 Cone(−Σf ). Since Σf :
At the same time, there exists no equivariant map
• has an odd degree since its first obstruction to homotopy with id S 2 is on the one hand deg(ϕ) − 1 ∈ Z ≃ H 2 (S 2 ) and on the other hand the image of the first obstruction to equivariant homotopy with id
2 H(f ) = 0, which is easy to see from the definition of the Hopf invariant as the total linking number between the point-inverses of two regular values.
A kλ-framing of a bundle ξ over a base X is an (unstable) isomorphism ξ ≃ kλ with k copies of the line bundle λ over X. A smooth manifold is called stably kλ-parallelizable if it admits a k-dimensional normal bundle isomorphic to kλ.
Recall from [KS; §1] that if f : S n R m is a smooth immersion whose normal bundle is trivial over its non-one-to-one points ∆ f S n , then the normal bundle of ∆ f /t R m is (m − n)λ-framable by the line bundle λ associated to the double covering ∆ f → ∆ f /t. Specifically, the normal bundle of
] endowed with the diagonal action of Z/2, but each copy of R[Z/2] splits into the direct sum of R with the trivial action and R with the sign action of Z/2. This corresponds to the mλ-framing of the normal bundle of ∆ f /t inS n /t, which is implicit in the proof of Theorem 2.3, under an nλ-framing of the tangent bundle ofS n /t, constructed in [A2; Lemma 3.1].
Theorem 2.7 (Realization Principle). Let λ be the line bundle associated to a double coveringM → M over a closed smooth (m − n)λ-parallelizable manifold of dimension 2n − m. If 2m ≥ 3(n + 1), there exists a generic smooth immersion
It is very easy to construct a generic immersion ϕ of some closed stably parallelizable n-manifold into R m with trivial normal bundle such that ∆ ϕ is equivariantly diffeomorphic toM ⊔M . Specifically ϕ is the double of the " figure 8 [Ad; §VII.4 ] there exists a self-transverse regular homotopy F : S n−1 × I R m−1 × I between the standard embedding g : S n−1 ֒→R m−1 and some embedding g ′ : S n−1 ֒→R m−1 such that the conclusion of Theorem 2.7 holds for F in place of f . (Koschorke deals with a slightly more general situation: his g is a self-transverse immersion, whose double points he wants to eliminate by a regular homotopy, and his M is a (m − n)λ-framed null-bordism of ∆ g /t.) Now g ′ is smoothly isotopic to the standard embedding (see [Hae] ), so F can be capped off to a generic smooth immersion f : S n R m without adding new double points.
Proof. Let K be as in Example 2.6, with the involution t. Then K/t is the mapping cone of the composition S • . Since M/t = ∂((R/t) × I) embeds with trivial line normal bundle into the parallelizable manifold RP 3 × D 5 , it is stably parallelizable. Since the tangent bundle of RP k is stably equivalent to the sum of k + 1 copies of the canonical line bundle γ, the bundle 4γ is stably trivial over RP 3 . Hence M admits a skew 4kλ-framed normal bundle for each k ≥ 0, where λ is associated with the double covering M → M/t and so is the pullback of γ. Thus by Theorem 2.7, for each n = 4k + 3 ≥ 15, M is the double point locus of some generic smooth immersion S n R 2n−7 .
Proof. If f is 1-realizable, by the proof of Theorem 2.3 there exists a stable equivari-
. Consider the Euler class e(λ) ∈ H 1 (∆ f /t; Z λ ) of the line bundle λ associated to the double covering ∆ f → ∆ f /t, where Z λ is the integral local coefficient system associated with λ. The Euler class is cohomological, hence in particular a stable invariant due to the natural isomorphism
for any local coefficient system M . So e(λ) = 0, whence λ is orientable and so ∆ f admits an equivariant map to S 0 . By Lemma 2.1, f is a 1-prem.
Equivariant stable cohomotopy
Suppose that P is a pointed polyhedron and G is a finite group acting on P and fixing the basepoint * . We also assume that P is G-homotopy equivalent to a compact polyhedron. If V is a finite-dimensional RG-module, let S V be the onepoint compactification of the Euclidean space V with the obvious action of G. If G acts trivially on V , we follow a standard convention of denoting V by the integer dim V . The equivariant stable cohomotopy group
is well-defined, where V ∞ denotes a sufficiently large (with respect to the partial ordering with respect to inclusion) finite-dimensional RG-submodule of the countable direct sum RG ⊕ RG ⊕ . . . (see [M+] ). Our main interest here lies in the case where G = Z/2, V is the sum of m copies of the nontrivial one-dimensional representation T of Z/2 (i.e. V is R m with the sign action of Z/2) and P = K + (i.e. the union of K with a disjoint basepoint), where the action of Z/2 on K is free. In this case, the following lemma guarantees that V ∞ from the above definition can be taken to be any R[Z/2]-module of sufficiently large dimension. In the above mentioned case P = K + , the lemma follows by a general position argument when the Pontrjagin-Thom construction 4.0(a) is taken into account.
As before, by S 
(c) For any equivariant extension f :
Remark. Lemma 3.2(a) with L = ∅ does not hold for k = 2m − 2 = 4. For if it did, applying Lemma 3.1 and using the obvious equivariant map S 1
we would obtain a contradiction with Example 2.6. Given a compact n-polyhedron X and a map f : X → R m , we let
. Theorem 3.3. Let X be a compact n-polyhedron and f : X → R m a generic PL map. Suppose that 2(m + k) ≥ 3(n + 1) in (a), (c) and 2(m + k) > 3(n + 1) in (b).
(a) f is k-realizable if and only if
Proof. Let R be as in the proof of Theorem 2.3, so
By the proof of Theorem 2.3, R/FrR is equivariantly homotopy equivalent with ∆ f + ∧ S mT . Therefore
. Assertion (a) now follows from Lemma 2.2 and Lemma 3.2(a). Similarly (b) and (c) follow (see [M3] for some details) from the "moreover" part of Lemma 2.2 and its parametric version below (Theorem 3.4) using Lemma 3.2(b,c).
The following is a corollary of a relative version of Lemma 2.2 and the controlled Concordance Implies Isotopy theorem, proved in [M1] . 3(a,b) , Lemma 3.1 (applied to ∆ f + and ∆ f + ∧ S 1 ), the absolute case (L = ∅) of Lemma 3.2(a,c), and Lemma 2.1, we get a slightly different proof of Theorem 2.5, and also its relative version Theorem 3.5. Let N n be a compact smooth manifold (resp. a compact polyhedron) and f : N → R m a generic smooth fold map (resp. a generic PL map), where m ≥ n, 2n − m ≤ 2k − 3, and also 3n − 2m < 2k − 3. Then every k-realization of f is isotopic through k-realizations of f to a smooth (PL) vertical lift of f . and its 2-realization g : S n ֒→R 2n , not isotopic through 2-realizations of f to any vertical lift of f .
• (cf. Theorem 2.7). Clearly, f lifts to an embedding g 0 : S n ֒→R 2n−1 ⊂ R 2n (cf. remark to Lemma 2.1). Let α be the generator of ω
• is equivariantly homotopic tõ g 0 due to π 2 (S 1 ) = 0. Hence Θ f (g 1 , g 0 ) = 0 and Θ f (g 1 , g) = α, so g cannot be isotopic to any such g 1 through 2-realizations of f .
The following lemma improves on the absolute case (L = ∅) of Lemma 3.2(a). As shown by the proof of Theorem 3.6, the analogous strengthening of the absolute case of Lemma 3.2(c) is not true. 
Since h is a fibration, this null-homotopy lifts to an equivariant homotopy of ϕ K to a map K → S m−1 .
Lemma 3.7 fits to replace the absolute case of Lemma 3.2(a) in the above alternative proof of Theorem 2.5, thus proving Theorem 3.8. Let N n be a compact smooth manifold (resp. a compact polyhedron). Let f be a generic smooth fold map (resp. a generic PL map) and n ≥ 2k − 1 or let f be a generic smooth map and n ≥ 3k − 4. If f : N → R 2n−2k+2 is k-realizable and k ∈ {2, 4, 8}, then f is a smooth (PL) k-prem.
Skew-co-oriented skew-framed comanifolds
In this section we use geometric methods to analyze failure of injectivity of the
from Lemma 3.1 beyond the stable range. LetX be a compact polyhedron with a free PL action of Z/2 = t | t 2 . Write X =X/t, and let λ be the line bundle associated with the double coveringX → X. Given an equivariant PL map f :X → S qT +r , after an equivariant homotopy we may assume that it is PL transverse to the origin O of the Euclidean space qT + r ⊂ S qT +r , and so a Z/2-invariant regular neighborhood ofQ := f −1 (O) in the polyhedronX is equivariantly PL homeomorphic to Q×I q+r [RS1] , [BRS; §II.4] . A fixed orientation of S qT +r induces an orientation of this bundle, and hence a λ ⊗q -co-orientation of Q :=Q/t in X, that is an isomorphism H q+k (X, X \Q; Z λ ⊗q ) ≃ Z, where Z λ denotes the integral local coefficient system associated with λ (compare [BRS; §IV.1]). The action of Z/2 on S qT +r fixes O and each vector of a fixed r-frame at O, and inverts each vector of a fixed complementary q-frame. Hence Q has a normal PL disc bundle ξ in X, endowed with a (qλ + r)-framing (as a λ ⊗q -oriented bundle), i.e. a λ ⊗q -orientation preserving isomorphism ξ ≃ qλ| Q ⊕ rε of PL disc bundles, where ε denotes the trivial line bundle. This isomorphism also makes sense when q and r are not necessarily nonnegative by transferring any negative terms to the left hand side of the equation.
For brevity, we shall call a λ ⊗q -co-oriented subpolyhedron Q ⊂ X with a (qλ+r)-framed normal PL disc bundle in X a (qλ+r)-comanifold in X. A (qλ+r)-cobordism between two (qλ + r)-comanifolds Q 0 , Q 1 in X is a (qλ + r)-comanifold in X × I meeting X × {i} in Q i for i = 0, 1. (For the reader who wonders what object we might call just "comanifold", it is an embedded mock bundle in the sense of [BRS; p. 34] , or equivalently a subpolyhedron of X that has a normal block bundle in X.)
The usual Pontryagin-Thom argument shows that the pointed equivariant homotopy set [X, S
qT +r ] Z/2 is in pointed bijection with the pointed set Emb qλ+r (X) of (qλ + r)-comanifolds in X up to (qλ + r)-cobordism. Furthermore, it follows that the equivariant stable cohomotopy group ω qT +r Z/2 (X + ) is isomorphic to the group Imm qλ+r (X) of singular (qλ + r)-comanifolds in X up to singular (qλ + r)-cobordism. Here a singular (qλ + r)-comanifold in X is the projection Q → X of a
The dual bordism group Ω sf(k) n (X; λ) consists of stably kλ-parallelized λ ⊗k -oriented singular PL n-manifolds f : N → X up to stably kλ-parallelized λ ⊗k -oriented singular bordism (compare [A2] ). Here a λ ⊗k -orientation of N is an isomorphism
⊗k -orientation preserving isomorphism between f * (kλ) and a kdimensional normal bundle of N .
Let us summarize:
Lemma 4.0. LetX → X be a double covering of compact polyhedra, and let λ be the associated line bundle. m−q (X; λ), which gets natural once X is endowed with a λ ⊗p -orientation and a stable pλ-parallelization.
Remark. Let us indicate a relation to a more traditional approach. Let Imm q⋆ (X) be defined similarly to Imm qλ (X), except that λ is not globally defined, but is a part of the data of the qλ-comanifold. It is well-known that this group is isomorphic to [S ∞ * X; S ∞ * (RP ∞ /RP q−1 )], cf. [AE] . Here RP ∞ /RP q−1 is the Thom space of the bundle qγ over RP ∞−q , so the point-inverse Q of the basepoint of this space is qλ-framed in X, where λ is the pullback of γ under the map Q → RP ∞−q .
The notation "Imm" is partially justified by Lemma 4.1. Suppose that q ≥ 0, r ≥ 0 and q + r ≥ 1.
(a) (Hirsch Lemma) Every element of Imm qλ+r (X) admits an immersed representative, unique up to immersed (qλ + r)-cobordism.
(b) (Compression Theorem) For large n, every embedded (qλ + r + n)-comanifold Q in X × R n is isotopic by an arbitrarily C 0 -small ambient isotopy to one whose last n vectors of framing are standard. The ambient isotopy can be chosen to fix Y × R n where Y is a subpolyhedron of X such that Q is PL transverse to Y × R n and the last n vectors of the framing of Q are already standard over Q ∩ Y × R n .
More specifically, "large n" means q + r + n ≥ dim X + 1. Using [Hae] , this can be weakened to q + r + n ≥ 1 2 (dim X + 3). If the ambient isotopy is replaced by regular homotopy, (b) holds in codimension one [Hi] .
Proof. Clearly (a) follows from (b).
By PL transversality [BRS; II.4.4] , given a triangulation of X, any singular (qλ + r)-comanifold f : Q → X can be altered by an arbitrarily C 0 -small homotopy so that every simplex ∆ i of this triangulation meets Q in a singular (qλ + r)-
If f is the projection of Q ⊂ X × R n , this homotopy can be chosen to fix f −1 (Y ) and lift to an arbitrarily C 0 -small ambient isotopy of X × I fixing Y × I. By [BRS; Lemma II.1.2], a singular (qλ + r)-comanifold in the PL manifold ∆ i is a singular PL (i−q−r)-manifold with boundary
. Picking a sufficiently fine triangulation of X, we may assume that each such PL manifold Q ∩ (∆ i , ∂∆ i ) × R n is contained in a (i − q − r)-PL ball contained in Q. Since n is large, it follows that each such intersection is smoothable (with corners) as a submanifold in the standard smooth structure on ∆ i × R n , so that the restriction of the smoothing to the boundary agrees with those constructed earlier over the faces of ∆ i . Part (b) now follows by induction on the simplices of X from its smooth case, which was proved in [RS2] .
Addendum (density of the h-principle for PL immersions). Let P be an n-polyhedron, f : P → R 2n a PL map, and g : P R 2n a PL immersion. Then f is arbitrarily C 0 -close to a PL immersion, PL regularly homotopic to g.
Proof. Let h : P × I → R 2n × I be a generic homotopy between g and f . By general position, it fails to be an immersion only at finitely many points (p, t). Let L be the link of
is the projection. Doing this for every cusp (p, t) converts h to a regular homotopy, which is sufficiently close to h as long as each (p * L) is chosen to be sufficiently small.
Let us recall the geometric definition of the cup product in Imm * (X). Let ϕ : Q → X be a singular (qλ + r)-comanifold representing some Φ ∈ Imm qλ+r (X).
The transfer ϕ ! : Imm
of the normal bundle of Q sends a representative ψ : M → Q to the class of ϕψ : M → Q → X, endowed with the skew framing obtained by combining those of ϕ and ψ, and the λ-coorientation obtained by combining those of ϕ and ψ. For any Φ ′ ∈ Imm
the cup product Φ Φ ′ , defined originally in terms of the cross product, equals ϕ ! ϕ * (Φ ′ ) [BRS] . Let ξ be a qλ-framed PL disc bundle over X. By PL transversality [BRS] , the zero set X ′ ∩ X of a generic cross-section X ′ (that is the image of X under a fiber preserving self-homeomorphism of the total space) is a qλ-comanifold in X. We denote its class in the set Emb qλ (X) by E(ξ) and its image in the group Imm qλ (X) by E(ξ). The latter can also be defined as i
, where i : X֒→ξ is the inclusion of the zero cross-section into the total space, and [id X ] ∈ Imm 0 (X) is the fundamental class. The Hurewicz homomorphism (cf. [M3]) obviously sends E(ξ) to the usual (twisted) Euler class e(ξ) ∈ H q (X; Z λ ⊗q ), where Z λ denotes the integral local coefficient system associated with λ.
Lemma 4.2. LetX → X be a double covering between compact polyhedra, and let λ be the associated line bundle. The Pontrjagin-Thom correspondence 4.0(a) sends E(qλ) to the equivariant homotopy class of the compositionX
, where ϕ X : X → RP ∞ classifies λ and γ is the universal line bundle. By similar considerations, E(qλ) = ϕ * X E(qγ) as well. By a direct geometric construction, E(qγ) is represented by RP ∞−q with the canonical qλ-framing. On the other hand, (ρ
Remark. By Lemma 4.2 the Pontrjagin-Thom isomorphism 4.0(a) sends the ob-
λ is the line bundle associated with the double covering ∆ f → ∆ f /t. On the other hand, the Poincaré duality 4.0(b) obviously sends E(kλ) to the obstruction A2] in the case of a map f :
Let ϕ : Q X be an immersed qλ-comanifold representing some Φ ∈ Imm qλ (X). By PL transversality, the double point immersion dϕ : ∆ ϕ Q is an immersed
Compare [LS] , [He] , [EG] . We will be slightly sloppy about notation in this proof, since spelling out all the conventions would only make it less readable it seems.
Proof. By the geometric definition of the cup product, Φ Φ = ϕ ! ϕ * (Φ). We can
where the domain of ϕ ! and the range of i ! is Imm qλ (ν ϕ , ∂ν ϕ ). Sinceφ is a codimension zero immersion,φ * φ
* , where
is induced by the involution t : ∆φ → ∆φ. Now i
We have ∆φ ≃ ν dϕ ⊕ ν dϕ as PL disc bundles over ∆ ϕ . Let j : ν dϕ ֒→∆φ be the inclusion onto one of the factors, and let dϕ : ν dϕ Q be the extension of dϕ.
Let again λ be the line bundle associated to a double coveringX → X. Assuming that E(qλ) = 0, we will construct a secondary obstruction to the vanishing of E(qλ). Let Q֒→X be an embedded qλ-comanifold representing E(qλ) ∈ Emb qλ (X). Let ϕ : R X ×I be a generic immersed qλ-null-cobordism of Q given by the hypothesis E(ξ) = 0. The immersed 2qλ-manifold ∆ ϕ R X × I represents an element of Imm 2qλ (X × I, X × ∂I). The Thom isomorphism sends it to an element
Proposition 4.4. F (qλ) is well-defined if E(qλ) = 0, and vanishes if E(qλ) = 0.
Proof. The second assertion holds by construction. To prove the first, let us temporarily denote F (qλ) by F (R), and let us consider another immersed qλ-nullcobordism ϕ ′ : R . We may assume that W is contained in X ×[−1, 1−ε] for some ε > 0. Since W is regularly homotopic into X ×[1−ε, 1] by an ambient isotopy, [ψ] 2 = 0 and so F (W )+ψ ! E(ν ψ ) = 0 by the Herbert formula 4.3. Now W is qλ-framed, so ν ψ is isomorphic to q(ψ * λ) = ψ * (qλ). Hence E(ν ψ ) = ψ * E(qλ) = 0 by the hypothesis. Thus F (W ) = 0.
Example 4.5. Let M be a closed (2k − 1)-manifold and λ a line bundle over M with E(kλ) = 0. Then F (kλ) = 0.
each double point lifts to a pair of double points of opposite signs of the immersion R M × I in the orientation double cover. Since the number of pairs is even, we can pick one double point from each pair so that the total algebraic number of the picked points is zero. Then the picked points can be paired up with signs, and cancelled along framed 1-handles inM . These project to kλ-framed handles in M , killing all double points of R.
Theorem 4.9. Let X be a (2k − 1)-polyhedron and λ a line bundle over X with E(kλ) = 0. If k is even, E(kλ) = 0.
Proof. By Theorem 4.7, F (kλ) = 0. Let ϕ : R X × I be an immersed kλ-null-cobordism of a representative of E(kλ). Since k is even, F (kλ) = 2[∆ ϕ /t] ∈ H 2k−1 (X) (cf. the proof of Example 4.5). First assume that H 2k−1 (X) contains no elements of order 2. Then the algebraic number of double points of R is zero. So they can be paired up with signs and cancelled by a surgery along kλ-framed 1-handles (cf. the proof of Proposition 4.8; if H 2k−1 (X) = 0 say, the double points can be pushed off the boundary). Thus Q = ∂R bounds an embedded kλ-null-cobordism. Now in the general case it suffices to prove that for each generator [D] ∈ H 2k−1 (X) of order 2n there is an immersed kλ-comanifold in X × I with n double points each representing δ * [D] ∈ H 2k (X × I, X × ∂I). Since 2n[D] = 0, there is a (2k − 1)-framed comanifold C X × I with boundary the constant map {1, . . . , 2n} → D ⊂ X × {0}. Let us pick a free involution t on the 2n points ∂C. It extends to a free involution on a double coverl of ℓ := C/t. An embedded perturbation ℓ ⊂ X × I of C/t is clearly (2k − 2 + µ)-framed in X, where µ is the line bundle associated with the double coveringl → ℓ. The remainder of the construction repeats that in the proof of Proposition 4.8.
Theorem 4.10. Let N n be a compact smooth manifold (resp. a compact polyhedron). Let f be a generic smooth fold map (resp. a generic PL map) and n ≥ 2k +1 or let f be a generic smooth map and n ≥ max(2k +1, 3k −2). If f : N → R 2n−2k+1 is k-realizable and k ∈ {2, 4, 8}, then f is a smooth (PL) k-prem.
Proof. Let λ be the line bundle associated with the 2-cover ∆ f → ∆ f /t and set X = ∆ f /t. By the trivial direction of Theorem 3.3(a), Θ(f ) = 0, hence by Lemma 4.2, E(kλ) = 0. Then by Theorem 4.9, E(kλ) = 0. Therefore by Lemma 4.2, the composition X
kT is equivariantly null-homotopic. By Lemma 3.7, X admits an equivariant map to S k−1 • . By Lemma 2.1, f is a k-prem.
